There may exist universal features that make a system obey the Lorenz model for deterministic chaos because the dynamic behaviour observed in an optically pumped laser, which is of the type predicted by the model, is only weakly dependent on certain parameters.
Research over over the last eight years shows that lasers are among the most ver satile physical systems for studying the dynamic behaviour of nonlinear dissipa tive systems where motion never beco mes stable or periodic. The wide variety of laser classes, the ease with which several laser parameters can be changed and the rapidity of the internal relaxation proces ses have allowed the observation of a rich variety of unstable phenomena [1] .
We review here recent studies of one particular type of phenomenon, namely the Lorenz behaviour of optically pumped lasers which represents the first experi mental observation of a behaviour of the type predicted by the Lorenz model for deterministic chaos in nonlinear dissipa tive systems [2] . It is shown that Lorenz features show some universality in that they are only weakly dependent on certain variables in the model, even though the variations entail a large increase in the number of degrees of freedom. Readers are referred to the literature for other examples demonstrating the versatility of lasers for studying dynamic systems as, for example, the observation of Shilnikov dynamics in CO2 lasers with feedback or with a saturable absorber [3] and the pre diction and observation of spatial struc tures and optical vortices in multimode lasers [4] . in the Rayleigh-Bénard convection pro blem involving the spontaneous formation of "rolls" in a horizontal fluid layer sub jected to a vertical temperature gradient. Through a drastic truncation of complex fluid equations, he derived a set of only three equations which could be studied numerically :
x = σ(y-x); y = x(r-z)-y, z = xy-bz where x, y and z are the variables descri bing the fluid's state (x is related to the velocity field and y and z to the tempera ture field) and σ, r and b are parameters (in particular, σ and r are related to the Prandtl and Rayleigh numbers, respectively).
These equations are quite simple in the sense that only first-order time derivatives are involved and only two nonlinear terms, namely the second-degree terms -xz and xy, are present. In spite of this, Lorenz found that for a wide range of parameter values and initial conditions the evolution of the system never becomes stable or periodic. Owing to the presence of dissi pative terms, i.e., the terms -σx, -y and -bz, the trajectory in the phase space is "at tracted" towards a definite region called an attractor, remains forever in it ( Fig. 1 ) and never shows periodic behaviour. "Mo tion" within the attractor is erratic since it consists of growing spirals around one fixed point, interrupted at random inter vals by a jump to a symmetric fixed point. An (arbitrarily) small change in the initial conditions leads in the long term to a large divergence of the trajectories so that they become uncorrelated.
Motion characterised by this extreme sensitivity to the initial conditions is said to be chaotic. As this type of motion ap peared in spite of the limited number of degrees of freedom of the system and the absence of noise terms in the equations, a new type of chaos, namely deterministic chaos had been discovered.
Since then, the Lorenz model has been considered as a paradigm of deterministic chaotic behaviour and is still widely inves tigated in theoretical studies of nonlinear dynamics in dissipative systems. A rich variety of dynamical features has been found, in particular, local bifurcations, homoclinic explosions, windows of perio dic motion within chaos, crises, symmetry breaking, generalised bistability and hys teresis, and period-doubling, and intermittency roads to chaos [5] , some of which are defined in the box.
The Lorenz-Haken Laser Model
From the physical point of view, how ever, the Lorenz model did not seem at the beginning to have any counterpart in the real world, since it was obtained via a strong and unrealistic truncation of more complex equations for fluid dynamics. In 1975, Haken [6] showed that an isomor phism exists between the Lorenz equa tions and the equations describing a uni directional, single-mode, homogeneously broadened, resonantly tuned, two-level laser -conceptually the simplest and most fundamental class of laser. Thus, an important manifestation of the Lorenz model in experimental physics seemed to have been found.
In the case of the laser, the variables x, y and (r-z) represent, in appropriate units, the laser field amplitude, induced polari zation and population inversion, respecti vely. The parameter r is the laser pump strength (relative to its value at the onset of laser emission) and σ and b define the relaxation rates of the intracavity field (i.e., the cavity losses) and of the population inversion, respectively, where both rates are normalised to the polarization relaxa tion rate. A linear stability analysis of Eqs. 1 shows that the system's non-trivial sta tionary solution becomes unstable (allow ing for complex behaviour such as, for instance, that of Fig. 1 ) only when the two following conditions are met:
The so-called "bad cavity" condition (Eq. 2), means that the cavity losses must be larger than the sum of the molecular re laxation rates to allow for a fast decrease of the laser field intensity. Condition (3) defines the instability threshold (or "se cond laser threshold" -the first is the emission threshold, r = 1) and implies that pumping must be much larger than r = 1 (the value required for the onset of laser emission) to allow for rapid increases in the laser intensity.
High gain and high losses are the usual requirements for the appearance of un stable behaviour in dissipative systems. Unfortunately, these conditions are not met in most common classes of lasers: high losses imply large values of the first and second laser thresholds and the latter are difficult to attain. Furthermore, in some lasers such as the CO2 laser, a and, above all, of b are very small in magnitude and the laser behaviour becomes simpler than that described in Fig. 1 . So the possi bility of observing typical Lorenz chaos seemed to be virtually nil.
Dynamic Features of a Lorenzian System
Local birfurcation : -when a system's parameter reaches a certain value -a bifurcation pointa qualitative change in the dynamic regimes occurs corresponding to changes in the trajectory in a limited region of phase space (e.g., a stationary solution becomes modulated, etc.). Homoclinic explosion : -upon increasing a parameter, the appearance of a homoclinic orbit in the phase space is followed by the appearance of an infinite set of extremely close orbits, both unstable and stable (a "strange set" ). Generalised instability : -the co-existence of two or more solutions, stationary or unstable (co-existence of attractors in phase space). Feigenbaum scenario (period-doubling road to chaos) : -a sequence of local bifurcations in which the time period of a periodic motion is doubled and is then followed by a reverse sequence with increasing noise which leads to chaos. Optically Pumped Far-IR Gas Lasers However, in 1984, Weiss and Klische [7] suggested that the conditions for Lorenz chaos could be fulfilled in a special class of lasers, namely optically-pumped farinfrared gas lasers. First, in the far infrared, spontaneous emission is much weaker than in the visible spectral region and molecular relaxation is essentially brought about by collisions occurring in the lowpressure gas medium. Molecular relaxa tion rates are therefore small and cavity losses need not be very high to fulfill Eq. 2; laser thresholds are also low. Second, optical pumping (i.e., pumping by means of another laser beam which acts on a transition sharing the upper level with the laser transition -see Fig. 2 ) is very selec tive. It transfers population exclusively to the upper level of the laser transition and not to other neighbouring levels: it is therefore very efficient, and the second laser threshold (Eq. 3) is attainable.
NH3 laser experiments
In 1986 Weiss et al.
[2a] proved that their intuition was correct. They pumped a NH3-gas filled cavity by means of a 10 pm wavelength beam from an auxiliary N2O laser, and 81 pm wavelength laser radiation was generated in a rotational transition.
To fulfill the conditions (Eqs. 2, 3) of the Lorenz-Haken model, care was taken to keep the laser beam structure as close as possible to a single-mode unidirectional plane wave. In particular, a ring cavity was used and the beam diameter was kept large (Fig. 3) . The observed behaviour was in close qualitative agreement with the Lorenz-Haken model predictions. A chao tic series of growing spikes, similar to those of Fig. 1b , were suddenly observed in the laser intensity when the pump beam intensity reached values of about 15 times that corresponding to the first laser thres hold. Moreover, windows of regular perio dic behaviour were detected within the chaotic domain, and an inverse Feigenbaum scenario ("road out of chaos" -see box and Fig. 4 ) was found when detuning of the cavity was continuously increased from zero (when detuning is allowed, the variables x and y become complex and Eq. 1 is somewhat more complicated -"complex Lorenz equa tions" or laser Lorenz equations).
Further experiments in 1988 [2b] show ed that the same behaviour occurs with another ammonia laser line of a similar type, namely the 153 µm line, when pum ping is performed with a CO2 laser beam. In spite of the fact that an accurate quanti tative comparison between experiment and theory is difficult to make (several molecular and laser parameters values are not known with precision), recent statis tical analyses [2c, d] of the experimental data reveal evidence for features identical to those of the Lorenz model results. In particular, the attractor's symmetry is the same, return maps (in which each value in a recorded time series is plotted against a preceding value using both measured and calculated laser intensities) reveal a com- Fig. 4 -Frequency mon structure, and the generalised dimen sions are similar (e.g., the "correlation dimension" [1c] is in both cases equal to 2.05 -evidence for the fractal structure of the chaotic attractor).
Additional Effects
It can be concluded from the experi mental results that Lorenz-type behaviour has been observed in a physical system. From the theoretical point of view, how ever, the data of Weiss et al. raised a basic question. Several groups have argued since 1987 [9] [10] [11] that an optically pum ped molecular gas laser is actually a far more complex physical system than the simple, homogeneously broadened, twolevel laser described by Eqs. 1. Several effects not taken into account in these equations should play an important rôle in the dynamics of the ammonia laser. One is optical pumping in that pumping is ac complished by means of a coherent field (instead of, for instance, an electrical dis charge). This should lead to a transfer of coherence to the molecules and give rise to new effects (so-called three-level ef fects) such as pump absorption saturation and modulation, Raman pumping, and ac-Stark splitting of the common level 0 described in Fig. 2 . Another effect is Doppler broadening where molecules with different velocities in the gas "see" the laser fields with different frequencies owing to the Doppler effect. Yet another is level M-degeneracy where each molecular level (Fig. 2) is really a set of several mag netic sublevels, each of which depends in different ways on the polarization of the laser field. Finally, allowance should be made for the longitudinal and transverse spatial dependence of the pump and ge nerated laser fields along the cavity.
Maintaining Lorenz behaviour
Unfortunately, all these factors cannot be accounted for together in any solvable laser model. But considering several of them separately leads to interesting re sults. When only optical pumping is incor porated in the laser model [9] , behaviour different to that predicted by the Lorenz model is obtained, thus confirming the im portant influence of this physical effect. However, when optical pumping and Doppler broadening are both incorporated in the laser model [10] , Lorenz-type beha viour is again recovered. Averaging over the different molecular velocities counter balances or blurs optical pumping effects, leading to significant changes in the effec tive values of several laser parameters and allowing the appearance of most of the Lorenz features. Figs. 5 and 6 describe re sults obtained with this three-level model : they include the evolution of the laser intensity (Fig. 5a ), bifurcation diagrams (Figs. 5b and c) and the evolution of the field and phase (Fig. 6) , all of which are in close agreement with predictions of the Lorenz-Haken laser model.
It is worth noting that the dynamic evo lution of the laser system leads to a phase anholomony (i.e., the phase does not reco ver its initial value after each period of the dynamic motion -see Fig. 6 ) similar in several aspects [12] to that of Berry's phase [13] . This resemblance, however, is only formal [14] as the average slope of ϕ(t) in Fig. 6b depends on the frequency chosen for the representation of the complex laser field.
Recent preliminary results from a model taking into account optical pumping, level M-degeneracy in a simplified way, and polarization of the radiation fields, but ignoring Doppler broadening [11] , indicate that Lorenz-type behaviour is also restored when (as in the ammonia laser experi ments) orthogonal linear polarizations for the pump and laser beams are considered.
Even if incomplete, all of these theoreti cal results suggest that the presence of the additional physical effects increases the number of degrees of freedom of the system but does not increase the dimen sionality of the chaotic attractor. Compen sation between the modifications brought about by the factors essentially maintains Lorenz-type features -a result which may provide the basis for understanding the experimentally observed behaviour.
Conclusions
Experimental and theoretical analyses performed in recent years have shown that an optically pumped far-infrared ammonia laser at wavelengths of 81 and 153 µm, in spite of its inherent complexity, represents fairly closely the dynamics of the Lorenz model (or, more generally, of the complex Lorenz model).
This result suggests that low-dimensio nal deterministic Lorenz behaviour demon strates a structural robustness, or a cer tain degree of universality, which makes it only slightly sensitive to certain classes of model variations, even if these variations entail a large increase in the number of degrees of freedom of the system. Some Lorenz-type features have also been found, under particular conditions, in Doppler broadened two-level lasers and in other physical systems including certain electronic circuits. It would be interesting to determine all the possible distinctive structural features and conditions that can make a physical system behave in similar fashion to the Lorenz model. At the same time, the degree of similarity of a given dynamic behaviour to the Lorenz model should be properly quantified, in as much as some differences with respect to this model may remain.
